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We study the state of stress in an elastic half-plane in the presence of phase trans-
formations caused by temperature variations at the points of the half-plane, Sepa-
rately we consider the states of stress caused by the lack of homogeneity in the
temperature field and the consequent volume changes taking place in the regions
of phase transformations,

Under the term “phase transformation” we understand the structural change in
the crystal lattice which occurs when the body is heated above a certain critical
temperature [1, 2], Here the purely thermal stresses are accompanied by the
stresses associated with the volume change in the region undergoing phase trans-
formations, Similar problems arise during the investigation of the stress states
in the case of elastic tension and in the problems on inclusions, Such problems
were studied by D, 1, Sherman, Iu, A, Amen-Zade,and others, However in all the
problems studied the region occupied by an inclusion was always completely con-
tained within some external region,

The present paper deals with the case in which the boundary separating the
media has common points with the outer boundary of the region containing the in-
clusion, The stresses and strains are assumed to satisfy the conditions of the lin-
ear theory of elasticity, with the external region and the inclusion possessing the
same elastic properties,

Let us assume that a steady-state plane temperature field is applied to the elastichalf-
plane y < 0 and, that the boundary y = ( is free from external forces, Then the
stress components satisfy the following boundary conditions:

O, = Tyxy =0, y=20 65

The temperature field satisfies the boundary value problem for Laplace equation
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AT (z, y) =0 )
Ty, |z)<<a (a=const>0)
reo =" |53
Problem (2) is satisfied by the harmonic function

a7

T(z,y) = M%(arctga—;—f —_ arctg*ay“ x) (3)

We will analyze the thermoelastic stresses according to [3]. In order to solve the prob-
lem it is sufficient to determine the Muskhelishvili functions @ (z) and ¥ (z), holomor-
phic in the lower half-plane,

Extending (D (z) analytically into the upper half-plane according to the formula

D) =—D(@2)—z0" (2) —F(2), y>0
we express ¥ (2) in terms of @ (z)
YiE)=—0@E -0 —z0 (2, y<O.

Thus, a1l the desired quantities can be determined if we know the expression for the func-
tion @ (z), extended to the entire plane, For the stress components we obtain

Gy — iTxy = D (2) — D (2) + (z — 2) D' (2) — kT (3, z_)—kS(;—?dz 4)

k =aE /21 —wv), z =z + iy, Z =gz — iy
T(z,%):-T—".(ln ————In "‘5_)

2ni z g —12

Substituting this into (1), we obtain the boundary condition for the determination of the
function @ (z) .
@*(t)——@'(t):—kT(t,?)——kth—af—dz, —OO<t</OO (9)
Z

z—t Y

(2, T (1 L)
a

0z 2ni\g—z  atz

The solution of the problem (5) has the form
kT —z 1 \
(D(z):_._“[ln ¢ +—2-( e - E_ia) sgny}

2mi —a—1:z z—a

Let us compute the stresses, We have

kToy?a [ 2 4+a . xz-—a
n |z—f—a|4+|z—-a|4

Ty = —

Sx| _ kToya y—(x+a) | y2— (x—a)? a  a
{'}' o [ A P e T e )

Sy
Obviously, all the stress components vanish at the boundary,
We turn to the second half of the problem, The domain D, in which the phase trans-
formation occurs, is bounded from above by the segment (— a <<  <a) and from
below by the curve Y, determined from the equation

T(z, y) = Ty
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where (T 4 is the phase transformation temperature, After transformation, this equation

takes the f T
orm x2+(y—b)2=r2 <r2=a2—}—b2,b= —ctgn 1’2)

The boundary of the haif-plane is free of loads, i. e,

Oy =Tay =0, y=0 (6)

The all around volume expansion can be described with the aid of an additional fictiti-
ous applied temperature field
To, (zy y) eD
Tz, y) = — 0
@o=l oS <
The points of the domain /) tend to undergo the free displacements

Uy + ivy = atez / 2(A 4+ 1)

Let u; + iy, correspond to the displacements of the points of the domain /) and let
Uy + iv, correspond to the displacements in the remaining part of the hailf-plane, Then,

on the contour Y . . ato
u1+l01:u2+lvg—mt, tey (7
In addition, we have the continuity conditions of the normal forces on passing across the
curve Yy R .
(X, + lYn]1 = [X, + lYnlz (8

We assume that the stress components tend to zero at infinity while the displacements
remain bounded, Introducing the functions @; (z) and +; (z) which describe for i =1
the behavior of the material in the domain 0D and for i = 2 the behavior in the remain-
ing part of the lower half-plane, these functions will be holomorphic in ) and in the
remaining part of the lower half-plane, respectively,

We rewrite the boundary value problem (6)—(8) using the above functions

@)+ D)+ () =0, —oo<i<o, i=1,2 (9)
GO+ O+ 0O =0+ O+ R0, tsx (10)
%91 (1) — 197 (0) — 91 (B) = %2 (1) — 10" () — %2 () + £ (1) (11)
Relation (11), taking into account (10), can be reduced to the following form
(x + Dle:(t) — @) — g (¢) (12)

If the functions @;(z) are extended into the regions in the upper half-plane symmetrical
with respect to the domain D and to the domain complementary to the lower half-plane,
with respect to the abscissae, according to the formula

¢i(2) = — 20 (2) — i (2), y>0
then, we will have
Y; (2) = — §; (2) — 29;’ (2), y<0

and condition (10) can be transformed into the form
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oD — (D) = 8 ) + g £ O 1T

Taking into account that ¢;(7) are the boundary values of the functions ¢;(z), holomor-
phic in the domain U -~ D and the remaining part of the plane, respectively, we can
rewrite the previous equality in the following manner :

?1) = () = 1g(t) + ng g ter (13)
Combining (12) and (13), we can observe that the function
1 { g () dt 1 g) +E—0¢g ()
(p(z) 27t (1 - l—x) t—z ¥">m(1+n)§ t—z dt

piecewise -holomorphic in the entire plane, satisfies the conditions (12) and (13) if we
assume @ (2) = @u{(2) for z inside ¥ -+ 7 and @ (2) = @4(z) for z situated outside
v -+ 7. In the case under consideration

20 = — 42 (I .0) + I L)+ = [ ) s L)

S, L) ==
In this case, In;{ differ from each other by the fact that the lines of discontinuity of
the imaginary parts are 7 and ¥, respectively, Differentiating (14), we obtain the ex-
pression for @ (z) = @’(z).
Knowing the form of @ (z), we can write the expressions for the stress components,
The form of 0, presents interest since 0, = 1,, =0 for y = 0. We have

20, =30 (2) + 3D (5 + @ (2) + P(2) — (2 — D (5) — D (2)]

and at the boundary y = 0 we have

4%

‘ 8Arth x a—x C —2x?
U = o = - 52)21 fa‘f‘xl AB = (x® T (2% L B

B, |=|<a C—{C" [z]<a
Bx{Bz, |z >a’ T 0, |2[>a

1 0+ib _ 2
B1=4r2(\1+—n—i—lnm), B, = B, — 4r

o B®Ix_ o By 8b/n
AT B I8 /n’ 27 miBs +8ib/xn

Here, B,, B,, C,;, C, are real constants,

The form of the curves y = o0, (z) for x > 0 are
represented in Fig, 1 by thin lines for b = -— 1, by
heavy lines for & = 0 and by broken lines for 5=+1,
The component G , of the stress tensor as a function of

Fig, 1 2z and y has singularities at the boundary of the half-

plane at the points y =0, & = =& a ., When the tem-

perature T, increases, these singularities give rise to infinite tensile stresses which cause
cracking of the material near these singularities, In the real body plastic zones appear
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near these points and the stresses in these zones are redistributed and smoothed out, The
singularities are caused by the fact that the contour y reaches the free boundary and
they represent a case different from the case in which the region occupied by the inclus-
ion is internal,
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Toupin [1] proved that the stresses in a cylindrical rod, caused by application of
a self-equalizing load at the endface, decrease exponentially with distance from
the endface, An estimate has been obtained for a constant in the exponential in
terms of the smallest natural vibrations frequency of an elastic cylinder,

A determination of the energy decay rate is given below for bodies of arbitrary
shape and its estimate is given in terms of some characteristics of the body geo-
metry, including the Poincaré and Korn constants of the cross section, These con-
stants are known in the case of a circular rod and the estimate is given in num-
bers,

The dependence of the energy decay rate on the body shape is examined, It
is shown that for cone-type bodies a power-law estimate holds for the energy
decay which goes into an exponential estimate in the iimit as the cone degene-
rates into a cylinder, Analogous estimates for the stresses result from the estim-
ates for the energy,

1, Determination of the energy decay rate, Within the framework
of a geometrically linear theory, let us generally consider an inhomogeneous, anisotropic
and physically nonlinear elastic solid (see [2]). We refer the undeformed state of the
solid to a Cartesian coordinate system z°= x, z* (the Greek superscripts a, f, ¥, . .
take on the values 1, 2),

Let the part of the solid in the half-plane x > O be load-free and let the state of
stress be caused by some external effects on the part of the solid in the half-plane x <
0. Further we will study the parameters independent of the nature of these effects, there-
fore without limiting the generality, it can be assumed that the deformation of the body
in the z >0 half-plane is caused by some surface forces applied in a section of the
solid by the z = ( plane,



